The Ryu-Takayanagi Formula from Quantum Error Correction: An Algebraic
  Treatment of the Boundary CFT by Kamal, Helia & Penington, Geoffrey
The Ryu-Takayanagi Formula from Quantum Error Correction: An Algebraic
Treatment of the Boundary CFT
Helia Kamal1 and Geoffrey Penington2
1Department of Physics, University of California, Berkeley, CA 94720, USA
2Stanford Institute for Theoretical Physics, Stanford University, CA 94305, USA
It was recently shown by Harlow that any quantum error correcting code, satisfying the same
complementary recovery properties as AdS/CFT, will obey a version of the Ryu-Takayanagi for-
mula. In his most general result, Harlow allowed the bulk algebras to have nontrivial center, which
was necessary for the “area operator” in this Ryu-Takayanagi formula to be nontrivial. However,
the boundary Hilbert space was still assumed to factorise into Hilbert spaces associated with com-
plementary boundary regions. We extend this work to include more general boundary theories, such
as gauge theories, where the subalgebras associated with boundary regions may also have nontrivial
center. We show the equivalence of a set of four conditions for a bulk algebra to be reconstructable
from a boundary algebra, and then show that complementary recovery implies that the algebraic
boundary entropy obeys a Ryu-Takayanagi formula. In contrast, we show that the distillable bound-
ary entropy does not obey any such formula. If an additional “log dim R” term is added to the
algebraic entropy, it will still obey a Ryu-Takayanagi formula, with a different area operator. How-
ever, since the “log dim R” term is a sum over local boundary contributions, we argue that it can
only be related to the regularisation of the area at the bulk cut-off.
I. INTRODUCTION
By establishing a duality between certain conformal
field theories and quantum gravity in asymptotically
anti-de Sitter geometries, the AdS/CFT correspondence
[1, 2] allows us to learn about theories of quantum gravity
by studying their better understood CFT duals. How-
ever, more than a decade after this correspondence was
discovered, many aspects of it remained mysterious. If
AdS/CFT was an isomorphism between two dual theo-
ries, how could a single bulk operator correspond to mul-
tiple boundary operators? How did an operator in the
bulk commuting with all local operators on the bound-
ary not violate the time-slice axiom? How could bound-
ary entropy, a nonlinear quantity, be proportional to
bulk area, a linear observable, as claimed by the Ryu-
Takayanagi formula [3, 4]?
In 2014, Almheiri, Dong, and Harlow resolved many
of these puzzles by reinterpreting the bulk-to-boundary
map as an example of a quantum error correcting code
[5]. In this interpretation, a smaller bulk Hilbert space,
of states with ‘nice’ semiclassical bulk description, is em-
bedded as a ‘code subspace’ in a larger boundary CFT
Hilbert space. Bulk operators commute with all local
boundary operators because we can error correct the era-
sure of any sufficiently small boundary region; the multi-
ple boundary operators that correspond to a single bulk
operator are the multiple physical operators that can cor-
respond to a single logical operator. This discovery pro-
vided a new connection between quantum information
theory and quantum gravity and led to many other signif-
icant developments at the intersection of these fields [6–
12].
In particular, later work by Harlow [13] made it clear
that the Ryu-Takayanagi formula, including the FLM
correction [14], is not just consistent with the quantum
error correction story, but is, in fact, a feature of any
quantum error correcting code with the correct proper-
ties.
Harlow studied a series of increasingly sophisticated
models of the bulk to boundary map. In the most sophis-
ticated model, bulk regions are not associated with tensor
product factors of the bulk Hilbert space. Instead, they
are associated with finite-dimensional von Neumann sub-
algebras of the bulk Hilbert space. The error correction
properties of AdS/CFT, specifically entanglement wedge
reconstruction [15–21], then imply a version of the Ryu-
Takayanagi formula, where the ‘area operator’ is some
non-trivial linear operator in the center of the bulk alge-
bra associated with the entanglement wedge.
However, even in this most sophisticated model, Har-
low still assumed that the boundary CFT Hilbert space
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2could be decomposed as the tensor product of smaller
Hilbert spaces associated with each boundary region.
Formally, this assumption is untrue for any continuum
CFT [22]. Heuristically, this is because any ‘product
state’, with no entanglement between two complemen-
tary boundary regions, would have infinite energy and
so is not in the CFT Hilbert space. Instead, boundary
regions are associated with infinite-dimensional von Neu-
mann subalgebras.
For sufficiently simple conformal field theories, such as
free theories, the von Neumann subalgebras will be fac-
tors, i.e. have trivial center. Such algebras are morally
equivalent to the algebra of operators acting on a sub-
system Hilbert space in finite dimensions. If we regu-
late our CFT in the UV, as is necessary to make each
side of the Ryu-Takayanagi formula finite, the boundary
Hilbert space will indeed factorise as a product of subre-
gion Hilbert spaces.
However, this is not true for the most prominent ex-
amples of the AdS/CFT correspondence, such as N = 4
super-Yang Mills theory. In such cases, the boundary
theory has a gauge symmetry, which causes the physical
Hilbert space of gauge-invariant states to never factorise.
Instead, the subalgebras associated to boundary regions
have a nontrivial center, just like the bulk algebras, even
when we regulate the theory in the UV.
In this paper, we extend the arguments of Harlow [13]
to account for this fact. We first show the equivalence
of a set of four conditions for the reconstructability of a
bulk subalgebra from a boundary subalgebra.
We then show that, whenever a bulk algebra M can
be reconstructed from a boundary algebra N and the
commutant M ′ of the bulk algebra can be reconstructed
from the commutant N ′ of the boundary algebra, the
algebraic entropy of the boundary algebra N satisfies a
Ryu-Takayanagi formula
S(ρ˜, N) = Tr(ρ˜L) + S(ρ˜,M) (1)
where S(ρ˜, N) is the algebraic entropy [23] of the bound-
ary algebra N , S(ρ˜,M) is the algebraic entropy of the
bulk algebra M and L is a linear operator that corre-
sponds to area in holographic theories.1
1 In related work, it was shown in [24] that algebraic reconstruc-
tion is equivalent to an equality between bulk and boundary
In contrast, an alternative definition of the entropy of
an algebra, the distillable entropy [25, 26], which agrees
with the algebraic entropy for the algebra of operators
on a subsystem (as considered in [13]), does not satisfy
a Ryu-Takayanagi formula.
A third definition of entanglement entropy, defined
specifically for non-Abelian gauge theories such as N =
4 super-Yang Mills, is the extended Hilbert space, or
“log dimR”, entropy considered in [27–29]. This entropy
differs from the algebraic entropy only by a linear term,
and so also satisfies a Ryu-Takayanagi formula. Since
the additional linear term is a sum over local boundary
observables, we argue that this additional term is only
relevant to the regulation of the bulk area at the cut-
off scale, and that both the algebraic and “log dimR”
entropies obey the “real” Ryu-Takayanagi formula.
Notation. The notation for this work is inevitably
heavy at times. Therefore, to make it easier for the
reader to follow the series of generalizations, we borrow
the notation of [13] with minor modifications. We will
use upper case Roman letters to label the subsystems
of the physical Hilbert space Hphys, such as HAβ ,HAβ ,
etc, and lower case letters for the subsystems of the code
subspace Hcode, such as Haα ,Haα , etc. (Greek letters
are used to refer to superselection sectors). We will use
the “tilde” symbol on states and operators in Hcode, e.g.
|ψ˜〉 and O˜. When working with von Neumann algebras,
the “prime” symbol will be used to distinguish operators
in the commutant from those in the algebra itself. More-
over, we will use the “overline” symbol to distinguish the
subsystems that the commutant acts on from those acted
on by the algebra.
II. PRELIMINARIES
In this section, we briefly review some properties of the
AdS/CFT correspondence and basic definitions of von
Neumann algebras that we use throughout our work.
relative entropies, even for infinite-dimensional von Neumann al-
gebras. However, it is hard to define a Ryu-Takayanagi formula
for infinite-dimensional algebras, since the algebraic entropy is
divergent. We also note that condition (i) of Theorem 1 is not
expected to generalize to the infinite-dimensional setting.
3A. AdS/CFT background
The AdS/CFT correspondence is the statement that
certain conformal field theories in d dimensions are dual
to some quantum theory of gravity in (d+1)-dimensional
asymptotically anti-de Sitter space-time. The duality is
commonly visualized on a cylinder, with an AdS geome-
try in the interior of the cylinder described by the ‘bulk’
quantum gravity theory, and the dual ‘boundary’ CFT
living on the cylinder itself.
One of the fascinating features of the duality is the
connection between bulk geometry and boundary entan-
glement. This relationship was quantified by Ryu and
Takayanagi [3, 4] and allows for the calculation of en-
tanglement entropies in the boundary CFT at leading
order using simple geometrical calculations in the bulk.
In the semiclassical limit where Newton’s constant GN
is small, the entanglement entropy of any subregion A of
the boundary, is given, up to small O(GN ) corrections,
by the Ryu-Takayanagi (RT) formula as
S(A) =
Area(γA)
4GN
+ Sbulk,
where γA, called the RT surface, is the surface of min-
imal area in the bulk that is homologous to A.2 The
RT surface divides the bulk into two regions: one that is
enclosed by A and γA, and one that is not. The former
is called the entanglement wedge of A and is denoted by
EA.3 Sbulk refers to the bulk entanglement entropy be-
tween the two regions. We summarize the above in the
following precise statement of the RT formula using the
language of states and operators.
Ryu-Takayanagi Formula: Given a state ρ in the
CFT and a boundary subregion A, the von Neumann
entropy of the reduced state ρA obeys
S(ρA) = Tr(ρLA) + S(ρEA), (2)
where the operator LA ≡ Area(γA)4GN + ... calculates the
area of the RT surface up to O(GN ) corrections.
2 This statement is valid for static spacetimes. For more general
spacetimes one needs to use the HRT prescription [16, 30]. When
quantum corrections are important, one should use the quantum
extremal surface prescription [31, 32].
3 More precisely, the entanglement wedge is the bulk domain of
dependence of this region.
Another interesting feature of the duality is the map-
ping between bulk and boundary operators. It has long
been known that bulk operators can have multiple dif-
ferent boundary representations. In fact, any bulk op-
erator has representations that act only on part of the
boundary. The question of which part of the bulk can be
reconstructed on a given boundary subregion has been
studied in detail in [15–21, 33] and can be summarized
in the following statement of entanglement wedge recon-
struction:
Entanglement Wedge Reconstruction: Given a
subregion A of the boundary, a bulk operator can be re-
constructed on A if and only if it lies in the entanglement
wedge EA.
B. von Neumann algebras on finite-dimensional
Hilbert spaces
In this section, we review the basic terminology of von
Neumann algebras on finite dimensional Hilbert spaces.
The reader is encouraged to refer to the appendix of [13]
for a more comprehensive introduction.
A von Neumann algebra M , acting on a Hilbert space
H is a subset of the linear operators acting onH that con-
tains all scalar multiples of the identity and is closed un-
der addition, multiplication, and Hermitian conjugation.
Any von Neumann algebra M on H naturally induces
two other von Neumann algebras on H: the commutant,
denoted M ′, is the set of linear operators in H that com-
mute with all operators in M , while the center, denoted
MC , is the intersection of M and its commutant M
′, i.e.
the set of all linear operators in M that commute with
every single operator in M .
Every von Neumann algebra M on H induces a unique
Hilbert space decomposition of the form H = ⊕α(HAα ⊗
HAα) such that the operators in M , M
′, and MC take
the following form:
O ∈M → O = ⊕α(OAα ⊗ IAα)
O′ ∈M ′ → O′ = ⊕α(IAα ⊗O′Aα) (3)
OC ∈MC → OC = ⊕αλα(IAα ⊗ IAα)
That is, all operators in M , M ′, and MC are block-
diagonal in α, and within each block, M only acts non-
trivially on Aα, M
′ only acts nontrivially on Aα, and
MC is proportional to identity. In the special case where
|α| = 1, i.e. MC is trivial, M is called a factor.
4Given a state ρ and a von Neumann algebra M on H,
there exists a state ρM ∈M such that Eρ(O) = EρM (O)
for all O ∈ M , where Eρ(O) = Tr(ρO). To find ρM , we
first note that any state ρ ∈ H can be written in block
form with respect to the direct sum decomposition H =
⊕α(HAα ⊗HAα) induced by M . We also note that since
all operators in M are block diagonal, only the diagonal
blocks of ρ will contribute to the expectation values of
the operators and we can ignore the rest. We will then
have
ρ =

p1ρA1A1 · · · · · ·
... p2ρA2A2 · · ·
...
...
. . .
 , (4)
where we have chosen pα ∈ [0, 1] so that Tr(ρAαAα) = 1.
We can now define
ρM = ⊕α
(
pαρAα ⊗
IAα
|Aα|
)
, (5)
where ρAα = TrAα(ρAαAα). Given this definition of
state, the entropy of the state ρ on M follows naturally:
S(ρ,M) = −
∑
α
Trα(pαρAα log(pαρAα))
= −
∑
α
pα log pα +
∑
α
pαS(ρAα) (6)
The second term in (6) is simply the average of the von
Neumann entropy for each block diagonal normalised re-
duced density matrix ρAα and has an operational inter-
pretation as the distillable entanglement in the limit of a
large number of copies of the state [25, 26]. In contrast,
the first term in (6) is the classical Shannon entropy of
mixing between the different blocks.
Lastly, we define the algebraic relative entropy of two
states ρ and σ on M in terms of the modular Hamiltonian
KρM ≡ −⊕α (log(pαρAα)⊗ IAα) to be
S(ρ|σ,M) = −S(ρ,M) + Eρ(KσM ). (7)
As with the ordinary relative entropy, the algebraic rel-
ative entropy is nonnegative and is zero if and only if
ρM = σM .
We’re now ready to discuss quantum erasure correcting
codes using von Neumann algebras.
III. FULLY ALGEBRAIC QUANTUM
ERASURE CORRECTION
In this section, we present a version of quantum erasure
correction which best describes the properties we know of
AdS/CFT. The theorem presented here is a generaliza-
tion of theorem 5.1 in [13] which alleviates the assump-
tion that the full physical Hilbert space is factorizable. If
the reader is not completely familiar with the subject of
quantum error correction, we strongly encourage reading
the logical progression of the argument in sections 3-5 of
[13] before moving on to theorem 1.
Theorem 1. Consider a finite-dimensional Hilbert space
Hphys on which we have a von Neumann algebra N ,
and a subspace Hcode of Hphys on which we have a von
Neumann algebra M . Let |α˜, ij〉 = |α˜, i〉aα ⊗ |α˜, j〉aα
be an orthonormal basis for Hcode which is compatible
with the decomposition Hcode = ⊕α(Haα ⊗ Haα) in-
duced by M . Similarly, N induces a direct sum de-
composition Hphys = ⊕β(HAβ ⊗ HAβ ) on Hphys. Let
|φ〉 = 1√|R|
∑
α,ij |α, ij〉R |α˜, ij〉phys where R is an aux-
iliary system whose dimension is equal to that of Hcode.
Then the following statements are equivalent:
(i) We can decompose HAβ = ⊕α(HAα1 ⊗HAαβ2 )⊕HAβ3
for all β, such that for each α, |Aα1 | = |aα| and
|Aαβ2 | > 0 for at least one β. Then, there exists
a unitary transformation U ∈ N and sets of or-
thonormal states |χα,j〉 ∈ ⊕βHAαβ2 Aβ such that
|α˜, ij〉 = U
[
|α, i〉Aα1 ⊗ |χα,j〉⊕βAαβ2 Aβ
]
. (8)
Here |α, i〉Aα1 is an orthonormal basis for HAα1 .
(ii) For any operator O˜ ∈ M , there exists an operator
O ∈ N such that for any state |ψ˜〉 ∈ Hcode, we have
O |ψ˜〉 = O˜ |ψ˜〉
O† |ψ˜〉 = O˜† |ψ˜〉 . (9)
(iii) For any operator X ′ ∈ N ′, we have
PcodeX
′Pcode = X˜ ′Pcode (10)
with X˜ ′ some element of M ′ and Pcode the projec-
tion onto Hcode.
(iv) Let ρ = |φ〉 〈φ|. For any operator O˜ ∈M , we have
[OR, ρRN ′ ] = 0, (11)
5where OR is defined as the unique operator on HR
such that
OR |φ〉 = O˜ |φ〉
O†R |φ〉 = O˜† |φ〉 . (12)
Explicitly, OR acts with the same matrix elements
on R as O˜T does on Hcode.
This theorem establishes the equivalence of a set of
conditions that characterize the ability of a code subspace
to recover a logical subalgebra M from the erasure of
a subalgebra N ′ on the physical Hilbert space Hphys.
Condition (i) asserts the existence of a unitary mapping
between physical and logical states that allows the code
subspace to recover the states in M on N by applying
U†. Condition (ii) says that every logical operator in
M has a representation in N that acts the same way on
the code subspace. (iii) is the condition that operators
acting on the erased subalgebra N ′ do not disturb the
information in the subalgebra M of the code subspace,
and finally, condition (iv) says that degrees of freedom
in R that are entangled with the logical subalgebra M
are uncorrelated with the erased subalgebra N ′. The full
proof of Theorem 1 is given in Appendix A.
In the context of AdS/CFT, we can think of Hphys
as representing the boundary conformal field theory, and
Hcode as representing the low energy bulk effective field
theory. Then N represents the degrees of freedom in a
boundary subregion, while M represents the degrees of
freedom in the entanglement wedge of that subregion, as
illustrated in Figure 1. Now condition (ii) of the theo-
rem is nothing but a restatement of entanglement wedge
reconstruction, i.e. that every operator in the entangle-
ment wedge of a boundary subregion A has a boundary
representation with support only on A.
AdS/CFT has the further property of complementary
recovery which says that given a subregion A on the
boundary, not only can we represent operators in EA as
boundary operators on A, but we can also represent op-
erators in EA as boundary operators on A (complement
of A). Imposing this property of complementary recov-
ery is equivalent to requiring, in addition to condition
(ii), that any operator O˜′ ∈ M ′ have a representation
O′ ∈ N ′ that acts the same way on Hcode. We will call a
code with such property a fully algebraic code with com-
plementary recovery (as opposed to Harlow’s subalgebra
code with complementary recovery). The equivalence of
FIG. 1. An algebraic decomposition of the AdS/CFT geom-
etry. On the left, we have a boundary subregion A and its
complement A, as well as their corresponding entanglement
wedges EA, EA in the bulk, separated by the RT surface γA.
On the right, we see the von Neumann algebras N,N ′,M,M ′,
and MC that represent the degrees of freedom in A,A, EA, EA,
and γA respectively.
(ii) and (i) then implies that we must have
U |α, i〉Aα1 |χα,j〉⊕βAαβ2 Aβ = U
′ |α, j〉Aα1 |χα,i〉⊕βAαβ2 Aβ
(13)
Here U ′ is a unitary operator in N ′ and we have decom-
posed HAβ = ⊕α(HAα1 ⊗ HAαβ2 ) ⊕ HAβ3 for each β with
|Aα1 | = |aα|. |α, j〉Aα1 is an orthonormal basis for A
α
1 and
|χα,i〉 are orthonormal states in ⊕βHAαβ2 Aβ . After some
algebraic manipulation (see Appendix B), we find that
there must exist a state |χα〉 ∈ ⊕βHAαβ2 Aαβ2 such that
|α˜, ij〉 = UU ′ |α, i〉Aα1 |α, j〉Aα1 |χα〉⊕βAαβ2 Aαβ2 . (14)
In the next section, we use this equation to derive an
algebraic version of the Ryu-Takayanagi formula.
IV. ALGEBRAIC RYU-TAKAYANAGI
FORMULA AND RELATIVE ENTROPY
Given any state ρ˜ in a fully algebraic code with com-
plementary recovery on subalgebras N and N ′, we wish
to find an expression for the algebraic entropy S(ρ˜, N),
as well as S(ρ˜, N ′). In order to use the definition of al-
gebraic entropy given in eq. (6), we first need to find the
diagonal blocks of ρ˜ in β. This can be accomplished by
taking advantage of the encoding map in eq. (14). We
can express ρ˜ as
ρ˜ = U ′U [⊕α(pαρAα1Aα1 ⊗ (χα)⊕βAαβ2 Aαβ2 )]U
†U ′† (15)
where ρAα1A
α
1
acts onHAα1 ⊗HAα1 the same way that ρ˜aαaα
acts on Haα ⊗ Haα (pαρaαaα are the diagonal blocks of
6ρ˜ in α with pα chosen such that Trρaαaα = 1), and we
have defined the density matrix χα = |χα〉 〈χα|. We see
that the diagonal blocks of ρ˜ in β are
U ′
Aβ
UAβ [⊕α(pαρAα1Aα1 ⊗ kαβ(χα)Aαβ2 Aαβ2 )]U
†
Aβ
U ′†
Aβ
where kαβ is chosen so that Tr(χα)Aαβ2 A
αβ
2
= 1. From eq.
(5) we then find
ρ˜N = U
[
⊕β
(
[⊕α(pαρAα1 ⊗ kαβ(χα)Aαβ2 )]⊗
IAβ
|Aβ |
)]
U†
(16)
ρ˜N ′ = U
′
[
⊕β
(
IAβ
|Aβ | ⊗ [⊕α(pαρA
α
1
⊗ kαβ(χα)Aαβ2 )]
)]
U ′†
(17)
We can now use the definition given in eq. (6) to derive
the algebraic entropies (Appendix B) and show that they
satisfy
S(ρ˜, N) = Tr(ρ˜L) + S(ρ˜,M) (18)
S(ρ˜, N ′) = Tr(ρ˜L) + S(ρ˜,M ′) (19)
where we have defined L = ⊕αS(χα, N)Iaαaα . We see
that eqns. (18) and (19) are in compliance with the RT
formula given in eq. (2) and L is the equivalent of the
area operator. This area operator has the desired prop-
erties we expect from holography. First of all, we note
that it lies in the center MC of M , which is by definition
the intersection of M and M ′, i.e. the algebra that corre-
sponds to the RT surface. Secondly, S(χα, N) can have
a different value for each α, so the area operator can be
nontrivial. Thirdly, we see that L is independent of ρ˜,
but depends on N and M as we would expect.
We also note that the “areas” S(χα, N) naturally de-
compose into two pieces, a distillable part∑
β
kαβS((χα)Aαβ2
),
and a Shannon entropy from the mixture of boundary
superselection sectors
−
∑
β
kαβ log kαβ .
Conversely, one can also show that any pair of bulk and
boundary algebras M,N , satisfying (18) and (19), have
complementary recovery. The full proof is again given in
Appendix B, but the basic strategy is to show that (18)
and (19) imply that the ”bulk” and ”boundary” relative
entropies are equal. Specifically,
S(ρ˜|σ˜, N) = S(ρ˜|σ˜,M) (20)
S(ρ˜|σ˜, N ′) = S(ρ˜|σ˜,M ′), (21)
where the algebraic relative entropy S(ρ˜|σ˜,M) was de-
rived in (7). This is a fully algebraic version of the results
of [19]. From this one can easily prove condition (iii) of
Theorem 1.
V. OTHER BOUNDARY ENTROPIES
The algebraic entropy is not the only definition of en-
tanglement entropy for gauge theories that has been con-
sidered in the literature.
Another candidate entropy is the distillable entropy
[25, 26], which differs from the algebraic entropy by the
absence of a classical Shannon term from the mixture of
superselection sectors. In other words, we have
Sdistill(ρ,N) =
∑
β
pβS(ρAβ ). (22)
This entropy reduces to the von Neumann entropy in the
case of only one superselection sector β, just like the alge-
braic entropy. It also preserves an important operational
property of the von Neumann entropy. Specifically, it
agrees with the rate at which one can extract Bell pairs,
from a large number of copies of the state, by local oper-
ators in the algebra and commutant, as well as classical
communication.
Since the distillable entropy differs from the algebraic
entropy by the nonlinear Shannon entropy term, it does
not obey eq. (18). This is still true, even if the algebraic
bulk entropy is replaced by the distillable bulk entropy,
because the formula needs to hold when the boundary
theory factorises. In that case, the boundary algebraic
and distillable entropies agree, but the bulk algebraic
and distllable entropies differ by a nonzero and nonlinear
term.
Finally, there is a third natural definition of the bound-
ary entropy, which we call the extended Hilbert space
entropy. It is also sometimes called the “full” entropy or
the “log dimR” entropy [27–29]. This is defined as the
von Neumann entropy when the physical Hilbert space is
embedded in a larger, factorised Hilbert space, such that
the algebra and its commutant can be reconstructed on
different factors of the larger extended Hilbert space.
7This extended Hilbert space is in general nonunique.
Indeed the simplest such Hilbert space is
H = (⊕βHAβ )⊗ (⊕β′HA¯β′ ), (23)
in which case the extended Hilbert space entropy will
be equal to the algebraic entropy. However, for non-
Abelian lattice gauge theories, there is a particularly nat-
ural choice of extended Hilbert space, namely the Hilbert
space found by not imposing gauge constraints at the
boundary of the two regions. This gives an entanglement
entropy
Sextend(ρ,N) = S(ρ,N) +
∑
e
∑
R
pe,R log dim R. (24)
where the second term involves a sum over all edges e
at the boundary of the two regions and irreducible rep-
resentations R of the gauge group and pe,R is the sum
over probabilities pβ for all superselection sectors where
edge e is in representation R. This second term is linear
and can be thought of as an additional “area term” in a
Ryu-Takayanagi formula for the encoding of the gauge-
invariant algebras in the extended Hilbert space.
Since the extended Hilbert space entropy differs from
the algebraic entropy by a linear term, it is perfectly pos-
sible that both satisfy a version of the Ryu-Takayanagi
formula, with different area operators L. Indeed, it is
easy to see that this is the case: since the bulk code
space is a subspace of the extended Hilbert space, the
extended Hilbert space factorises, and we have comple-
mentary recovery, a Ryu-Takayanagi formula for the ex-
tended Hilbert space entropy follows immediately from
the results of [13].
An obvious question is which entropy obeys the ’real’
Ryu-Takayanagi formula, where L is the actual bulk area.
However, the two entropies only differ by a sum of local
boundary observables. Such observables cannot know
about physics deep in the bulk; instead they can only
be related to the details of the regularisation of the bulk
area at the lattice scale. In particular, if we regulate
the entropy at a lengthscale that is much larger than the
lattice scale, for example by looking at the mutual infor-
mation of two regions separated by a small distance (that
is nonetheless much larger than the lattice scale), both
entropies will give the same result.
The choice of which entropy to prefer is therefore some-
thing of a philosophical question. Fans of the extended
Hilbert space entropy will emphasize its tighter con-
nection to path integral replica trick calculations (since
path integrals are generally done in the extended Hilbert
space) [27, 28]. We tend to prefer the algebraic entropy,
since it does not rely on an unphysical, and somewhat
arbitrary, choice of extended Hilbert space. It also seems
more closely connected to continuum definitions of rela-
tive entropy, and in particular mutual information, via
Tomita-Takesaki theory [22].
VI. DISCUSSION OF RESULTS
We have characterized a fully algebraic code that de-
scribes the error correcting properties of the AdS/CFT
bulk to boundary map in the typical case where the con-
formal field theory has a gauge symmetry and the bound-
ary Hilbert space does not necessarily factorise. We have
also shown that when this code has a complementary re-
covery property similar to that of AdS/CFT, it yields a
version of the Ryu-Takayanagi formula and an equation
between the bulk and boundary relative entropies. We
present the summary of our main results as a theorem
that, when applied to AdS/CFT, establishes an equiv-
alence between entanglement wedge reconstruction and
the Ryu-Takayanagi formula. This theorem is the equiv-
alent of Theorem 1.1 from [13].
Theorem 2. Consider a finite-dimensional Hilbert space
Hphys and a subspace Hcode ⊂ Hphys. Let N and M be
von Neumann algebras on Hphys and Hcode respectively.
Then the following statements are equivalent:
(a) For any operators O˜ ∈ M, O˜′ ∈ M ′, there exist
operators O ∈ N and O′ ∈ N ′ such that for any
state |ψ˜〉 ∈ Hcode, we have
O |ψ˜〉 = O˜ |ψ˜〉 , O† |ψ˜〉 = O˜† |ψ˜〉
O′ |ψ˜〉 = O˜′ |ψ˜〉 , O′† |ψ˜〉 = O˜′† |ψ˜〉 .
(b) There exists an operator L ∈MC such that for any
state ρ˜ in Hcode, we have
S(ρ˜, N) = Tr(ρ˜L) + S(ρ˜,M)
S(ρ˜, N ′) = Tr(ρ˜L) + S(ρ˜,M ′).
(c) For any state ρ˜ and σ˜ in Hcode, we have
S(ρ˜|σ˜, N) = S(ρ˜|σ˜,M)
S(ρ˜|σ˜, N ′) = S(ρ˜|σ˜,M ′)
8The Ryu-Takayanagi formula presented in part (b) of
Theorem 2 has a nice symmetry compared to the one ob-
tained in [13] as the same definition of entropy is used
throughout the formula. In fact, as we showed in Section
IV, this algebraic entropy also shows up in the defini-
tion of the area operator L. As a result, we find that
L naturally decomposes into two parts. One part comes
from entanglement within a single boundary superselec-
tion sector, while the other comes from a classical Shan-
non entropy added by the mixture between superselection
sectors. We leave the question of whether both terms ac-
tually contribute to the classical area at leading order in
large N holographic theories to future work.
We wish to emphasize that the results presented here
represent an idealised version of the true correspondence
between bulk and boundary algebras in AdS/CFT. We
have ignored errors in the reconstruction of the bulk al-
gebras [21, 33] and corrections to the Ryu-Takayanagi
formula [34], as well as the fact that complementary re-
covery breaks down at higher orders in GN [34]. We
have also treated both the bulk and boundary algebras
as finite-dimensional. For the boundary algebras, one
should really instead use the full continuum CFT alge-
bras, which are infinite-dimensional type III von Neu-
mann algebras. However, this adds considerable compli-
cations: for instance, entropies need to be regulated (e.g.
using the mutual information) to be well defined. See
[24] for a proof of the equivalence of equalities between
bulk and boundary relative entropies and entanglement
wedge reconstruction in this more general setting. We are
somewhat more skeptical that allowing the bulk algebra
to be an infinite-dimensional von Neumann algebra, as in
[24], makes results more physically realistic, although it
certainly doesn’t hurt, since the bulk effective field the-
ory description will break down anyway if we try to add
too much entropy in a small region.
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Appendix A: Proof of Theorem 1
(i) =⇒ (ii): O˜ is in M and therefore has the form O˜ = ⊕α(O˜aα ⊗ Iaα). We can then simply define
O ≡ U
(
⊕α,β(OAα1 ⊗ IAαβ2 Aβ )
)
U†, where OAα1 acts on HAα1 in the same way that O˜aα acts on Haα .
(ii) =⇒ (iii): We will give a proof by contradiction. LetX ′ be an operator inN ′ and assume PcodeX ′Pcode = x˜Pcode
with x˜ an operator on Hcode, but not an element of M ′. By definition of the commutant then there must exist an
operator O˜ ∈ M that x˜ doesn’t commute with. Thus, there exists a state |ψ˜〉 ∈ Hcode such that 〈ψ˜| [x˜, O˜] |ψ˜〉 6= 0.
Now (ii) implies that there exists an operator O ∈ N such that 〈ψ˜| [x˜, O˜] |ψ˜〉 = 〈ψ˜| [x˜, O] |ψ˜〉 = 〈ψ˜| [X ′, O] |ψ˜〉 6= 0,
but this is a contradiction since by definition, X ′ commutes with all operators in N .
(iii) =⇒ (iv): For any operator X ′ ∈ N ′ and YR acting on HR and any operator O˜ ∈ M , we have
Tr(ORρRN ′X
′YR) = Tr(ρRN ′X ′YROR) = Tr(ρX ′YROR) = 〈φ|X ′YROR |φ〉 = 〈φ| X˜ ′YRO˜ |φ〉 = 〈φ| O˜X˜ ′YR |φ〉 =
〈φ|ORX ′YR |φ〉 = Tr(ρORX ′YR) = Tr(ρRN ′ORX ′YR) where X˜ ′ and OR are defined as in (iii) and (iv), respec-
tively. We just showed that Tr([OR, ρRN ′ ]X
′YR) = 0, which can only be true for arbitrary X ′ and YR if [OR, ρRN ′ ] = 0.
(iv) =⇒ (i): We can write |φ〉 = ⊕βcβ |φβ〉 in accordance with the Hilbert space decomposition Hphys =
⊕β(HAβ ⊗HAβ ) such that {|φβ〉} is a set of orthonormal states and
∑
β |cβ |2 = 1. Then the diagonal blocks of ρ in
β look like |cβ |2ρRAβAβ where ρRAβAβ = |φβ〉 〈φβ | has unit trace. Thus, we’ll have
ρRN ′ = ⊕β
(
IAβ
|Aβ | ⊗ |cβ |
2ρRAβ
)
.
Now note that the basis |α, ij〉R for HR gives the decomposition
HRAβ =
(⊕α(HRα ⊗HRα))⊗HAβ = ⊕α(HRα ⊗HRα ⊗HAβ ) (A1)
under which (iv) implies that
ρRAβ = ⊕α
[ |Rα||Rα|
|R|
(
IRα
|Rα| ⊗ ρRαAβ
)]
(A2)
for some ρRαAβ , where we have used the fact that ρR =
IR
|R| to determine the coefficients. Since |φβ〉 purifies ρRAβ ,
by the Schmidt decomposition, the rank of ρRAβ must be less than |Aβ |, that is,∑
α
|Rα||ρRαAβ | ≤ |Aβ | (A3)
where |ρRαAβ | denotes the rank of ρRαAβ . Therefore we can decompose
HAβ = ⊕α
(
HAα1 ⊗HAαβ2
)
⊕HAβ3 (A4)
such that |Aα1 | = |Rα| = |aα| and |Aαβ2 | ≥ |ρRαAβ |. This implies that ρRαAβ has a purification on A
αβ
2 , which we will
denote by |ψα,β〉RαAαβ2 Aβ . We can then use this to purify ρRAβ on Aβ as
|φ′β〉 =
1√|R|∑
α,i
√
|Rα| |α, i〉Rα |α, i〉Aα1 |ψα,β〉RαAαβ2 Aβ (A5)
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Since |φβ〉 and |φ′β〉 are two purifications of ρRAβ on Aβ , they must differ only by a unitary UAβ . This then gives
|φ〉 =
∑
β
cβ |φβ〉
=
∑
β
cβUAβ |φ′β〉
= U
 1√|R|∑
α,i
√
|Rα| |α, i〉Rα |α, i〉Aα1
∑
β
cβ |ψα,β〉RαAαβ2 Aβ
 (A6)
where U = ⊕β(UAβ ⊗ IAβ ) ∈ N . We know from ρR = IR|R| that we must have
∑
β |cβ |2TrAβρRαAβ =∑
β |cβ |2TrAαβ2 Aβ |ψα,β〉 〈ψα,β | = Trphys(⊕β |cβ |
2 |ψα,β〉 〈ψα,β |) = IRα|Rα| , which means the state
∑
β cβ |ψα,β〉 on
Rα(⊕βAαβ2 Aβ) must have the form∑
β
cβ |ψα,β〉RαAαβ2 Aβ =
1√
|Rα|
∑
j
|α, j〉Rα |χα,j〉⊕βAαβ2 Aβ (A7)
for some orthonormal |χα,j〉⊕βAαβ2 Aβ . Combining (A7) with (A6) gives
∑
α,ij
|α, ij〉R |α˜, ij〉phys = U
∑
α,ij
|α, ij〉R |α, i〉Aα1 |χα,j〉⊕βAαβ2 Aβ
 , (A8)
which implies (i).
Appendix B: Ryu-Takayanagi formula from a fully algebraic code with complementary recovery
Consider a fully algebraic code as described in Theorem 1 such that for every operator O˜ ∈ M , there exists
an operator O ∈ N that acts the same way on Hcode (condition (ii)). Moreover, assume that for every operator
O˜′ ∈ M ′, there exists an operator O′ ∈ N ′ that acts the same way on Hcode. The equivalence of (ii) and (i) in
Theorem 1 then implies that there exist unitary transformations U ∈ N and U ′ ∈ N ′, and sets of orthonormal states
|χα,j〉 ∈ ⊕βHAαβ2 Aβ and |χα,i〉 ∈ ⊕βHAαβ2 Aβ such that
|α, ij〉 = U |α, i〉Aα1 |χα,j〉⊕βAαβ2 Aβ = U
′ |α, j〉Aα1 |χα,i〉⊕βAαβ2 Aβ . (B1)
Multiplying the above equation by U†U ′† we get
|α, i〉Aα1 U
′† |χα,j〉⊕βAαβ2 Aβ = |α, j〉Aα1 U
† |χα,i〉⊕βAαβ2 Aβ , (B2)
which implies there must be states |χα〉⊕βAαβ2 Aαβ2 and |χα〉⊕βAαβ2 Aαβ2 such that
U ′† |χα,j〉⊕βAαβ2 Aβ = |α, j〉Aα1 |χα〉⊕βAαβ2 Aαβ2 (B3)
U† |χα,i〉⊕βAαβ2 Aβ = |α, i〉Aα1 |χα〉⊕βAαβ2 Aαβ2 . (B4)
Plugging these expressions back into (B2) tells us that in fact |χα〉⊕βAαβ2 Aαβ2 = |χα〉⊕βAαβ2 Aαβ2 . Therefore we obtain
|α˜, ij〉 = UU ′ |α, i〉Aα1 |α, j〉Aα1 |χα〉⊕βAαβ2 Aαβ2 . (B5)
The encoding map in eq. (B5) describes a code with complementary recovery on subalgebras N and N ′. For any
state ρ˜ in the code space, we can use this map to express ρ˜ as
ρ˜ = U ′U(⊕α(pαρAα1Aα1 ⊗ (χα)⊕βAαβ2 Aαβ2 ))U
†U ′†
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where ρAα1A
α
1
acts on HAα1 ⊗HAα1 the same way that ρ˜aαaα acts on Haα ⊗Haα (pαρaαaα are the diagonal blocks of ρ˜
in α with pα chosen such that Trρaαaα = 1), and we have defined the density matrix χα = |χα〉 〈χα|. We see that the
diagonal blocks of ρ˜ in β are
U ′
Aβ
UAβ [⊕α(pαρAα1Aα1 ⊗ kαβ(χα)Aαβ2 Aαβ2 )]U
†
Aβ
U ′†
Aβ
where kαβ is chosen so that Tr(χα)Aαβ2 A
αβ
2
= 1. This implies that
∑
β kαβ = 1. We can then compute
ρ˜N = U
[
⊕β
(
[⊕α(pαρAα1 ⊗ kαβ(χα)Aαβ2 )]⊗
IAβ
|Aβ |
)]
U† (B6)
S(ρ˜, N) = −
∑
β
TrAβ
(
[⊕α(pαρAα1 ⊗ kαβ(χα)Aαβ2 )] log[⊕α(pαρAα1 ⊗ kαβ(χα)Aαβ2 )]
)
= −
∑
αβ
TrAβ
(
pαρAα1 log(pαρAα1 )⊗ kαβ(χα)Aαβ2 + pαρAα1 ⊗ kαβ(χα)Aαβ2 log(kαβ(χα)Aαβ2 )
)
= −
∑
α
(Traαpαρ˜aα log(pαρ˜aα))(
∑
β
kαβ) +
∑
α
pα(−
∑
β
TrAαβ2
kαβ(χα)Aαβ2
log(kαβ(χα)Aαβ2
))
= S(ρ˜,M) +
∑
α
pαS(χα, N)
= S(ρ˜,M) + Tr(ρ˜L) (B7)
where we have defined L = ⊕αS(χα, N)Iaαaα . Here, we used the property that S(ρ,N) is invariant under ρ→ UρU†
for any U ∈ N . The second equality follows from the identity log(OA ⊗OB) = logOA ⊗ IB + IA ⊗ logOB .
Similarly, we can show for the commutant that
S(ρ˜, N ′) = S(ρ˜,M ′) + Tr(ρ˜L). (B8)
With L taken as the ”area operator”, we see that a Ryu-Takayani formula holds for any algebraic code with comple-
mentary recovery. Note that S(χα, N) = S(χα, N
′) since χα is a pure state, and that is why the area operators in
(B7) and (B8) are the same.
We now want to prove the converse: that any theory obeying an exact algebraic Ryu-Takayanagi formula has
complementary recovery. We first show that the ”bulk” and ”boundary” algebraic relative entropies are equal and
then show that this implies condition (iii) of Theorem 1, which is equivalent to condition (ii).
Evaluating (B7) for a small perturbation δρ˜ around a state σ˜, we obtain
S(σ˜ + δρ˜,N) = S(σ˜ + δρ˜,M) + Tr((σ˜ + δρ˜)L)
=⇒ Tr((σ˜ + δρ˜)K σ˜N ) = Tr((σ˜ + δρ˜)K σ˜M ) + Tr((σ˜ + δρ˜)L)
=⇒ Tr(δρ˜K σ˜N ) = Tr(δρ˜K σ˜M ) + Tr(δρ˜L)
=⇒ Tr(ρ˜K σ˜N ) = Tr(ρ˜K σ˜M ) + Tr(ρ˜L). (B9)
Going from the first line to the second, we have used the definition of algebraic relative entropy given in eq. (7) for
the two states σ˜ and σ˜ + δρ˜ and the fact that S(σ˜ + δρ˜|σ˜, N) = S(σ˜ + δρ˜|σ˜,M) = 0 to linear order in δρ˜. The third
line follows from (B7) and the forth line from integrating both sides of the equation. We now use (B9) to show that
for any two states ρ˜, σ˜ in the code subspace, we have
S(ρ˜|σ˜, N) = −S(ρ˜, N) + Tr(ρ˜K σ˜N )
= −S(ρ˜,M)− Tr(ρ˜L) + Tr(ρ˜K σ˜N )
= −S(ρ˜,M) + Tr(ρ˜K σ˜M )
= S(ρ˜|σ˜,M), (B10)
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and similarly for the commutant algebras.
Now suppose we take a state ρ˜ and perturb it by conjugating it by eiλO˜, where O˜ ∈M is a Hermitian operator. In
other words,
ρ˜(λ) = eiλO˜ρ˜e−iλO˜ (B11)
Since eiλO˜ commutes with any operator on M ′, ρ˜M ′ = ρ˜M ′(λ). Hence
S(ρ˜|ρ˜(λ), N ′) = S(ρ˜|ρ˜(λ),M ′) = 0 (B12)
and so the states ρ˜ and ρ˜(λ) are indistinguishable on N ′. It follows that for any operator X ′ ∈ N ′, the variation of
Tr(ρ˜(λ)X ′) at linear order in λ vanishes
Tr(ρ˜[X ′, O˜]) = 0. (B13)
Since this is true for any operator O˜ ∈ M and state ρ˜ in the code space, we find that the operator PcodeX ′Pcode,
which has support only within the code space, commutes with any operator O˜ ∈ M . It can therefore be written as
X˜ ′Pcode for some operator X ′ ∈M ′, which is condition (iii) of Theorem 1.
